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The next generation of Cosmic Microwave Background experiments will produce cosmic variance
limited observations over a large fraction of sky and for a large range of multipoles. In this work we
discuss different consistency tests that can be performed with the upcoming data from the Simons
Observatory and the Planck data. We quantify the level of expected cosmological parameter shifts
probed by these tests. We discuss the effect of difference in frequency of observation and present
forecasts on a direct measurement of the Planck T-to-E leakage beam. We find that instrumental
systematics in either of the experiments will be assessed with an exquisite precision, well beyond
the intrinsic uncertainties due to the CMB cosmic variance.
I. INTRODUCTION
The ΛCDM concordance model has been increasingly
refined with measurements of the cosmic microwave back-
ground (CMB), most recently by the Planck satellite [1].
While this model provides a good fit to current cosmo-
logical data, some tensions exist at the 3−4σ significance
level. The Hubble constant inferred from the cosmic dis-
tance ladder anchored to Cepheids is significantly higher
than the one inferred from Planck cosmology [2]. The
amplitude of lensing measured from Planck temperature
and polarisation power spectra is 2.7σ higher than the
ΛCDM prediction [1]. These tensions could reveal an
unknown feature on the sky or could simply be artefacts
from systematics contamination of the data (e.g. [3]).
There is also an off-chance that they arise from statisti-
cal fluctuations.
Errors on cosmological parameters measurement come
in different ways. The first source of uncertainty is sim-
ply due to experimental imperfections. The finite angular
resolution of the telescope, its limited frequency coverage
and the noise on the detectors act as a source of error on
the cosmological parameter determination. Uncertainties
on the instrument properties such as its beam, calibra-
tion and polarisation angles also have to be characterised
and propagated. The final source of uncertainties is the
cosmic variance and comes from the fact that we can only
observe a finite number of modes of the CMB.
While comparing two measurements of the same cos-
mic microwave background fluctuations, the cosmic vari-
ance cancels as both experiments are observing the same
realisation of the CMB sky. It is therefore possible to
check the consistency of two cosmic variance limited ex-
periments well beyond their intrinsic uncertainties.
This type of comparison has already been performed.
In [4–8] the Atacama Cosmology Telescope (ACT), the
South Pole Telescope (SPT), and the WMAP data have
been compared with the Planck measurement. These
studies were however hampered by the number of com-
mon modes observed by the different experiments, due
to either a small overlap between the survey or a limited
angular resolution.
The aim of this work is to assess how well next gen-
eration experiment such as the forthcoming Simons Ob-
servatory (SO) [9, 10] will be able to corroborate Planck
cosmology, and to quantify how well instrumental sys-
tematics in either of the experiments could be measured.
We will focus on the large aperture telescope (LAT) of
the Simons Observatory. It will observe 40% of the sky
at arcminute resolution and is therefore perfectly suitable
for this test.
This paper is structured as follows. In Section II we
derive analytical expressions for the covariance matrices
of different residual temperature power spectra between
Planck and SO. In Section III, we study how constraining
these different residuals are, focusing on the amplitude of
parameters shifts they are sensitive to. In Section IV we
investigate the effect of the foreground contamination of
the two experiments. In Section V we discuss how well
systematics in the TE power spectrum can be measured,
in particular the Planck T-to-E leakage. We conclude in
Section VI.
Throughout this paper we adopt a fiducial cosmology
with H0 = 67.36 km.s
−1.Mpc−1, ln(1010As) = 3.044,
ωb = Ωbh
2 = 0.02237, ωc = Ωch
2 = 0.1200, ns = 0.9649
and τ = 0.0544 compatible with [11].
II. TEMPERATURE POWER SPECTRUM
RESIDUALS
In this section, we show the expected sensitivity of the
forthcoming Simons Observatory and compare it to the
measured noise properties of the Planck satellite, we then
derive the expression of the covariance matrices of the
different temperature power spectrum residuals that can
be formed from the two data sets and show that they are
not affected by cosmic variance.
A. Simons Observatory and Planck
The Simons Observatory will be located in the Ata-
cama desert at an altitude of 5,200 meters on the Cha-
jnantor Plateau. It will consist of three small aperture
telescopes (SAT) and one large aperture telescope (LAT)
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FIG. 1: Effective noise power spectra for the main cosmology
channels of the Simons Observatory and Planck experiments.
The SO temperature noise curves will be dominated by atmo-
spheric fluctuations on large scale while the Planck effective
noise increases at high multipole due to its limited angular
resolution. The range of multipoles where the effective noise
power spectra are smaller than the ΛCDM temperature power
spectrum (grey line), indicates scales for which the experi-
ments are cosmic variance dominated.
and is expected to start operating in the early 2020s [9].
In this work, we will focus on the LAT, taking advantage
of its high angular resolution and large sky coverage. The
LAT receiver is expected to host 30,000 detectors dis-
tributed among six frequency bands from 27 to 280 GHz.
The noise characteristic, including the impact of atmo-
spheric noise, are provided in [9]. Two different cases
are considered, a nominal baseline level and a more opti-
mistic goal level. In the following, we will consider only
the baseline level. We compare the effective noise power
spectra of the Simons Observatory main CMB channels
with the ones of the Planck experiment [1] in Figure 1.
Here, the effective noise power spectra are defined as the
ratio of the noise power spectrum and the beam window
function. The Simons Observatory noise curves are dom-
inated by correlated atmospheric temperature fluctua-
tions on large scale while Planck suffers from its limited
angular resolution on small scales.
B. Uncertainties on power spectra residuals
At sufficiently high multipoles, the variance of a mea-
sured auto power spectrum C` can be approximated as
(e.g. [12])
σ2(C`) =
2
(2`+ 1)fsky
(
C` + N˜`
)2
, (1)
where N˜` is the effective noise power spectrum and fsky
is the fraction of the sky observed by the experiment. A
measurement is said to be cosmic variance limited over a
range of multipoles when it is signal dominated, that is,
when its effective noise power spectrum is smaller than
the signal power spectrum. From Figure 1 it is clear that
both Planck and SO are cosmic variance limited for a
large range of modes.
From the effective noise level of SO and Planck, we can
compute the expected covariance matrix of the different
power spectra that can be formed using the two data sets.
The general term of the covariance matrix is given by
Ξα×β,γ×η` = 〈(Cˆα×β` − C`)(Cˆγ×η` − C`)〉
= 〈Cˆα×β` Cˆγ×η` 〉 − C2` , (2)
where α,β,γ and η stand for SO or Planck data. Af-
ter a lengthy but straightforward computation (see Ap-
pendix), we obtain an analytical expression for the co-
variance of the mean SO and Planck cross power spectra
Ξα×β,γ×η` =
1
(2`+ 1)fsky
(
2C2` + C`
[(
fβηαγ + f
βγ
αη
)
N˜`,α +
(
fαγβη + f
αη
βγ
)
N˜`,β
]
+ N˜`,αN˜`,β(gαγ,βη + gαη,βγ)
)
(3)
fαγβη =
nβs (n
α
s n
γ
s δβη − nαs δβηγ − nγs δβηα + δβηαγ)
nαs n
γ
s (n
β
s − δαβ)(nηs − δγη)
gαγ,βη =
nαs (n
β
s δαγδβη − δαβγη)
nαs n
γ
s (n
β
s − δαβ)(nηs − δγη)
Where N˜`,α is the effective noise power spectrum of the
experiment α, fsky is the fraction of sky overlap between
Planck and SO, and nαs is the number of splits of data
for the experiment α. We used fsky = 0.4 for the overlap
3between SO and Planck after masking the galaxy, we note
that in practice fsky will be frequency dependent with
fsky=0.47 (100-93 GHz), 0.42 (143-145 GHz) and 0.36
(217-225 GHz) for the combination of the SO mask and
the galactic masks presented in Figure 6. The number of
split per frequency of Planck is nPs = 2 and we take n
SO
s =
10 corresponding to two splits per season of observation.
For this calculation, we simply assumed that the mea-
surement in the different frequency channels of a given
experiment can be combined together. This result in
two combined splits for Planck and ten combined splits
for SO with a total effective noise (N˜`,{P,SO})−1 =∑
ν(N˜`,{P,SO},ν)
−1. In practice, and due to foreground
contamination, residuals should be first formed for each
frequency channel, we discuss this in more details in Sec-
tion IV. We note that our formalism does not include
effect from inhomogeneous noise arising from the scan-
ning strategy of the experiments. This effect will depend
on the exact scanning strategy of SO, but for a suffi-
ciently isotropic coverage it should not affect the results
significantly.
In order to assess the statistical consistency of the two
experiments, a standard strategy is to compute power
spectra and cross power spectra between the data sets
and then analyse their residuals [5, 13]. In this work we
consider four different residuals
∆Cˆ
(1)
` = Cˆ
so×so
` − CˆP
∗×P∗
`
∆Cˆ
(2)
` = Cˆ
so×P∗
` − CˆP
∗×P∗
`
∆Cˆ
(3)
` = Cˆ
so×P∗
` − Cˆso×so`
∆Cˆ
(4)
` = Cˆ
so×so
` + Cˆ
P∗×P∗
` − 2Cˆso×P
∗
` , (4)
where P ∗ stands for the fraction of the Planck survey
overlapping with the Simons observatory survey. In
principle more residuals could be formed but the in-
terpretation of these ones is straightforward. ∆C
(1)
` is
a direct comparison of the Planck and SO power spec-
tra, ∆C
(2)
` and ∆C
(3)
` compare Cˆ
so×P∗
` with the power
spectrum of each individual survey, finally ∆C
(4)
` repre-
sents the power spectrum of the difference map ∆C
(4)
` ∼
C
(mP∗−mso)
` .
For values of multipole ` that are sufficiently large,
the central limit theorem apply and the residuals are ex-
pected to follow a normal distribution with zero mean
and a variance that can be computed using the gen-
eral term of the covariance matrix (Eq. 3). Denoting
C(n)` = σ2(∆Cˆ(n)` ) we have
C(1)` = Ξso×so,so×so` + ΞP
∗×P∗,P∗×P∗
` − 2Ξso×so,P
∗×P∗
`
C(2)` = Ξso×P
∗,so×P∗
` + Ξ
P∗×P∗,P∗×P∗
` − 2Ξso×P
∗,P∗×P∗
`
C(3)` = Ξso×P
∗,so×P∗
` + Ξ
so×so,so×so
` − 2Ξso×P
∗,so×so
`
C(4)` = Ξso×so,so×so` + ΞP
∗×P∗,P∗×P∗
` + 2Ξ
so×so,P∗×P∗
`
− 4Ξso×so,so×P∗` − 4Ξso×P
∗,P∗×P∗
` + 4Ξ
so×P∗,so×P∗
` .
(5)
We display in Fig. 2 the covariance elements and the
variance of the different residuals between Planck and SO
power spectra.
When both Planck and SO are cosmic variance lim-
ited, the variance of the residuals is much smaller than
the variance of the individual experiments. This is ex-
pected since the error on the experiments is then lim-
ited by the number of modes accessible on the sky. This
does not affect the error on the residuals as long as they
are observing the same CMB modes. We also note that
different residuals are sensitive to different `-range. In
particular ∆C
(4)
` is the more constraining residual when
the noise of both SO and Planck is small but ∆C
(3)
`
is less affected by the raise in Planck effective noise.
The interpretation of ∆C
(4)
` as representing the power
spectrum of the map difference is also meaningful. We
expect this residual to contain more information than
∆C
(1)
` since it contains phase information that are dis-
missed while doing only power spectrum differences. We
note that beyond the intrinsic uncertainties of the dif-
ferent residuals, they are sensitive to different systemat-
ics. As an example, ∆Cˆ
(3)
` = Cˆ
so×P∗
` − Cˆso×so` would be
very sensitive to a multiplicative bias in either Planck
or SO data: aP,CMB`m = a
SO,CMB
`m (1 + f`) but would be
completely insensitive to an additive bias of the form
aP,CMB`m = a
SO,CMB
`m +f`m, while a residual such as ∆Cˆ
(1)
`
can be used to assess systematic both additive and mul-
tiplicative bias. ∆Cˆ
(4)
` has the smallest statistical uncer-
tainties, is sensitive to additive bias, but will only be sen-
sitive to multiplicative bias to second order ∆Cˆ
(4)
` ∝ f2` .
The study of the different residuals is therefore comple-
mentary to assess the consistency between the two data
set.
Having two cosmic variance limited experiments such
as SO and Planck with a large overlapping sky fraction
will allow to form extremely powerful null tests using
the different power spectrum residuals presented in this
section. In the next section we assess how constraining
these null tests will be on the cosmological parameters
determination.
III. CONSTRAINING POWER OF THE
RESIDUALS
The power spectrum residuals can be used to form null
tests and assess the consistency of the two experiments.
A common test consists in computing the χ2 of the resid-
uals and its corresponding probability-to-exceed (PTE).
According to the value of PTE we can decide if it passes
or not. However passing a null test does not inform us on
how stringent the test was. In this section we forecast the
constraining power of the temperature power spectrum
residuals between Planck and SO.
40 500 1000 1500 2000 2500 3000
101
103
105
107
109
[(
+
1)
2
]2
×
,
×
[
K
4 ]
so × so, P* × P*
so × so, so × P*
so × P*, P* × P*
so × P*, so × P*
P* × P*, P* × P*
so × so, so × so
0 500 1000 1500 2000 2500 3000
101
103
105
107
109
P* × P*, P* × P*
so × so, so × so
(1)
(2)
(3)
(4)
FIG. 2: Covariance matrix elements of the Planck and SO data (left) and variance of the different residuals (right). When
both experiments are cosmic variance limited: ` ∈ [50, 1700], their errors are very correlated and the variance of the residuals
becomes much smaller than the variance of individual measurement.
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FIG. 3: Correlation coefficient of the cosmological parameters estimated from Cˆso×so` , Cˆ
so×P∗
` and Cˆ
P∗×P∗
` for different range
of multipoles. The correlation coefficient are very high when both experiments are cosmic variance limited and start to decrease
when Planck become limited by its angular resolution.
A. Parametrisation
In order to assess the informative content of a null test,
we can use a summary statistic in the form of a set of pa-
rameters. For estimating the level of systematics in two
different CMB data sets we can use nuisance parameters.
We can forecast uncertainties on calibration mismatch,
polarisation efficiency mismatch, beam leakage and beam
shape errors. These parameters naturally describe what
could act on the data and should be used in practice
5while studying the power spectrum residuals. Another
parametrisation consists in measuring possible cosmolog-
ical parameter shifts between the two experiments. While
cosmological parameters are often a poor description of
instrumental systematics, quantifying how they could be
affected is crucial for the interpretation of the results
and for the combination with other cosmological probes.
In the following, we focus on this parametrisation con-
sidering five parameters Θ = {θMC, ns, ωb, ωc, AL}. We
do not include As on this comparison, since the calibra-
tion of ground based experiments is difficult and the Si-
mons Observatory data amplitude will most likely be di-
rectly calibrated on Planck. We take this into account by
marginalizing over one calibration parameter. We do not
include τ since, for temperature only measurement and
for the range of multipole we are considering, it is highly
degenerate with the calibration parameter. We choose
to report the result for the derived parameter H0 instead
of θMC because of the current discrepancy between CMB
and supernovae results [2] and include the amplitude of
lensing AL because of the internal tension present in the
Planck legacy data [1].
B. Correlation coefficient
As shown in Fig. 2, the errors on the power spectrum
measurements Cˆso×so` , Cˆ
P∗×P∗
` , Cˆ
so×P∗
` are correlated. In
order to assess the degree of correlation of the cosmo-
logical parameters Θso×so, ΘP
∗×P∗ , Θso×P
∗
, we generate
simulated power spectra using their joint covariance ma-
trix (Eq. 4)
Ξ` = 〈V`V T` 〉
V` =
 Cˆso×so` − C`Cˆso×P∗` − C`
CˆP
∗×P∗
` − C`
 (6)
and obtain best-fit parameters for each spectrum of each
simulation through the minimization of their individ-
ual negative loglikelihood. To perform the minimisa-
tion, we developed a python package interfacing the
minuit algorithm [14] with Cobaya. The code can be
found in : https://github.com/xgarrido/cobaya-minuit-
sampler. We repeat this procedure for different `max and
compute the parameters correlation coefficient
RΘα×β ,Θγ×σ =
Cov(Θα×β ,Θγ×σ)√
Cov(Θα×β)Cov(Θγ×σ)
(7)
using 1000 simulations. We display the result in Fig. 3.
As expected, the correlation coefficient of cosmological
parameters is very high for Planck and SO for a large
range of multipoles. This correlation coefficient enters
into the computation of the covariance of the parameter
difference ∆Θ = Θα×β −Θγ×σ
Cov(∆Θ) = Cov(Θα×β) + Cov(Θγ×σ) (8)
− 2
√
Cov(Θα×β)Cov(Θγ×σ)RΘα×β ,Θγ×σ .
A high degree of correlation ensures that the uncer-
tainties on the parameter difference is smaller than the
individual experiment uncertainty, Cov(∆Θ)Cov(Θ) ∼ 2(1 −
RΘα×β ,Θγ×σ ) when both experiments are cosmic variance
limited. In the next section we will precisely quantify this
effect.
C. Sensitivity to parameter shifts
We measure the constraining power of the residual to
parameter shift using Monte-Carlo Markov Chain sam-
pling of the approximate log-likelihood:
−2 logL(∆Θ) =
(
∆Cˆ
(n)
` −∆Cth` (∆Θ)
)2
C(n)`
+ const, (9)
where ∆Cˆ
(n)
` are simulations of the Planck-SO residuals
and ∆Cth` = C
th
` (Θ + ∆Θ)−Cth` (Θ) are computed using
CAMB [15], with Θ compatible with [11]. In practice,
the implementation of this test will require first obtain-
ing the maximum likelihood parameters for one of the
spectra forming the residual and then vary ∆Θ around
these values. The results are reported in Fig. 4. We only
consider multipoles between ` ∈ [50, 2000]. Observing
lower multipoles is difficult for an experiment such as SO
due to atmospheric contamination and the Planck multi-
pole cut at ` = 2000 ensures that beam uncertainties do
not have a large impact on the residuals. The parameter
shift corresponding to ∆Cˆ
(1)
` is trivial to interpret, any
instrumental systematics biasing the spectrum of one of
the experiment in a way degenerate with cosmological
parameters will be measured at high precision. The one
sigma error on the expected Hubble parameter and lens-
ing amplitude shift between Planck and SO is of order
σ(∆H0) = 0.26 km/s/Mpc and σ(∆AL) = 0.025 using
this residual. This is roughly five times smaller than the
error on these parameters obtained from the Planck tem-
perature power spectrum.
As expected from Fig. 2, the residuals ∆Cˆ
(2)
` and
∆Cˆ
(3)
` have similar constraining power on parameters for
multipoles ` < 2000. Finally, the parameter shifts from
∆Cˆ
(4)
` have the smallest statistical errors. The compari-
son with Planck fiducial parameter errors shows that the
errors on parameter shifts are always way smaller than
the errors on the parameters themselves, as expected for
a consistency test between two cosmic variance limited
experiments. We note that this does not represent the
actual shifts in cosmological parameters between the full
SO experiment and the Planck experiment. These shifts
correspond to the consistency tests that can be formed
between the two experiments on their overlapping multi-
pole range.
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FIG. 4: One and two sigma contours of the parameters shifts between Planck and SO derived from the MCMC sampling
of the temperature power spectrum residual likelihood. For comparison purpose, we also display in grey the constraints from
Planck TT + low E obtained from the Planck public chains available in the Planck Legacy Archive. The range of multipoles
used in this analysis is ` ∈ [50, 2000]. The errors include marginalisation over a calibration parameter between the SO and
Planck data.
IV. FREQUENCY PAIRS AND RESIDUAL
FOREGROUND EMISSION
In previous sections, we have assumed that the mea-
surement in the different frequency bands of Planck and
SO can be optimally co-added together. In this section
we display the uncertainties corresponding to residuals
formed using pairs of Planck and SO frequencies, and
discuss the effect of foreground residuals coming from the
small difference in bandpasses of the two experiments.
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FIG. 6: Galactic and survey mask used in this work. We use the (GAL080, GAL070 and GAL060) galactic mask from the
Planck Legacy archive for the {93, 100} GHz, {143, 145} GHz and {217, 225} GHz frequency pairs respectively.
A. Parameter shift for each frequency pairs
Combining the measurements in different frequency
bands of Planck and SO before forming the residuals
is difficult for two reasons. Instrumental systematics
could affect distinct frequency channels differently and
one needs to first assess and model foreground contam-
inations. We display the cosmological parameter shift
uncertainties for the per-frequency residuals in Figure 5,
neglecting the effect of the foreground residuals between
Planck and SO nearby frequency bands (IV C). The best
residual is formed using the SO 145 GHz channel and the
Planck 143 GHz channel. This could have been inferred
from the effective noise properties (Figure 1). Planck an-
gular resolution increases with frequency while the SO
atmospheric contamination is smaller at low frequency.
We also note that the constraints obtained per frequency
are much weaker than the combined ones. The constrain-
ing power is shared between the three different residuals,
and the different residuals are now sensitive only on a
small multipole range. However, in order to test system-
atic effects affecting all frequency channels, the different
residuals could be combined once the foregrounds have
been modelled. In the remaining of this section, we dis-
cuss the residual foreground contamination.
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FIG. 7: Residual dust and synchrotron emission between the Planck and forthcoming Simons Observatory survey. In this work,
we approximate the bandpasses of the two experiments as delta function. Despite having the smallest statistical uncertainties
∆Cˆ
(4)
` = Cˆ
so×so
` + Cˆ
P∗×P∗
` − 2Cˆso×P
∗
` is the most insensitive to foreground contamination
B. Galactic foreground simulations
We use the Python Sky Model (PySM) [16] to generate
simulations of dust and synchrotron emission at frequen-
cies 100, 143, and 217 GHz corresponding to the Planck
survey and 93, 145 and 225 GHz corresponding to the SO
survey. We approximate the Planck and SO bandpasses
as delta function since the exact shapes of the SO band-
passes are not currently publicly available. We use the s1
and d1 model for synchrotron and dust respectively. The
s1 model assumesa power law scaling for the synchrotron
emission, with a spatially varying spectral index [17–19],
while d1 models the dust as a single-component modified
black body and uses the spatially varying temperature
and spectral index obtained from the Planck data using
the Commander code [20].
We construct three masks for the three different
frequency pairs {93, 100} GHz, {143, 145} GHz and
{217, 225} GHz combining the Planck galactic masks
(GAL080, GAL070 and GAL060) [21] with the SO sur-
vey mask [9]. The SO survey mask accounts for the sky
accessible from the Chajnantor Plateau. The masks are
displayed in Fig. 6
C. Galactic foreground residuals
We estimate the power spectrum of each simulation us-
ing the Master algorithm [22] implemented in the public
power spectrum code: PSPy. The residual power spec-
tra are reported in Fig 7. For comparison purpose, we
also display the uncertainties of the different residuals.
As can be seen on the figure the residual galactic fore-
ground emissions are subdominant with respect to the
uncertainties, we also note that ∆Cˆ
(4)
` is the most in-
sensitive to foreground contamination despite having the
smallest statistical uncertainties. However, the cumula-
tive effect of the galactic foreground could be detectable
and should be marginalised over while measuring cosmo-
logical parameters shifts.
D. Extra-galactic foreground residuals
Extra-galactic foregrounds are also expected to con-
taminate the residual spectra. In order to assess the
magnitude of this effect, we use the extra-galactic model
of [24], implemented in the fgspectra software. The three
main components of extra-galactic foregrounds are the
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FIG. 8: Residual extra-galactic foreground emission between the Planck and forthcoming Simons Observatory survey. Our
extra galactic foreground model includes CIB, SZ and radio sources. The most impacted residual is the 225-217 GHz and is
dominated by the residual CIB emission.
thermal Sunyaev-Zel’dovich fluctuations (tSZ), the emis-
sion from the Cosmic Infrared Background (CIB) and the
emission from radio sources (rad). The expected residu-
als can be written as
∆D
extragal,(n)
` (ν1, ν2) = atSZ∆
(n)
tSZ(ν1, ν2)T
tSZ
`
+ aCIB,c∆
(n)
CIB(ν1, ν2)T
CIB,c
`
+ aCIB,p∆
(n)
CIB(ν1, ν2)T
CIB,p
`
+ arad∆
(n)
rad(ν1, ν2)T
rad
` .
(10)
We use the amplitudes atSZ = 3.3 µK
2, aCIB,c =
4.9 µK2, aCIB,p = 6.9 µK
2, arad = 3.1 µK
2, obtained by
fitting the Atacama Cosmology Telescope (ACT) data
[24]. Two CIB template power spectra are used, a Pois-
son component TCIB,p` ∝ `2, and a clustered component
modelled as a power law TCIB,c` ∝ `0.8 [24, 25]. The
tSZ template power spectrum is derived from hydrody-
namic simulations described in [26]. Finally the radio
sources are modelled as a Poisson component. The func-
tions ∆
(n)
{tSZ,CIB,rad}(ν1, ν2) encode the frequency depen-
dence of each foreground residual. We show in Figure
8 the effect of the extragalactic foregrounds contamina-
tion of the residuals and compare it with their associated
uncertainties. We find that the 225-217 GHz residuals,
dominated by CIB emission, will be strongly impacted.
The other residuals are expected to be mostly immune
to extra-galactic foregrounds. We note that the ampli-
tude of residual foregrounds will depend on the flux cut
chosen for the point source mask. For ACT, it was 15
mJy at 150 GHz [24]. Given their high angular resolu-
tion and sensitivity, the SO data could be used to form
a much stringent mask, thus reducing the contamination
from extragalactic foregrounds.
E. Discussion
In this section we have discussed the expected galactic
and extra-galactic foreground emission and its effect on
the power spectra residuals. We have found that the 225-
217 GHz will be the most impacted due to residual CIB
contamination while the 145-143 GHz residuals will be
the most immune to foreground contamination. The ex-
act form of the residual foreground emission will depend
on the mask chosen for the analysis and the bandpasses of
both experiments and is left for future work. In addition,
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FIG. 9: Residual TE power spectrum for the different fre-
quency pairs of Planck and Simons observatory data. As-
suming no T-E leakage is present in the SO data. The
solid line represent the effect from the Planck temperature-
to-polarisation leakage (Eq. 13) and the errorbars represent
the uncertainties on the SO-Planck residual.
the sensitivity of the SO bandpasses to the CO rotational
transition lines [23] will be crucial for the comparison.
V. SYSTEMATICS IN THE TE POWER
SPECTRUM
In the previous sections, we have only used temper-
ature anisotropies for assessing the level of systematics
in the Planck and SO data. We could also form a set
of tests using the polarisation data. These tests are not
expected to be very sensitive since the Planck data are
noise dominated for most of the multipoles in polarisa-
tion so the cosmic variance cancellation is not effective.
However an important systematic in the Planck data is
the so called temperature-to-polarisation leakage, which
arises from the differences between the main beams of the
Planck polarisation sensitive bolometers. It has a signif-
icant impact on the interpretation of the data and leads
to > 0.5σ bias on some cosmological parameters [11]. In
this section we quantify how much can be learned on this
systematic using SO data.
A possible data model for the temperature to polari-
sation leakage takes the following form
aE,leakage`m = a
E
`m + F(aT`m), (11)
where F is a linear functional of the temperature
anisotropies. The TE power spectrum will have the form
CTE,leakage` = C
TE
` +G`C
TT
` . (12)
In the case of Planck T-to-E leakage, the function G` can
be computed using Quickpol [27], which takes into ac-
count the exact sample flags, relative weights, and scan-
ning beams of the detectors and is published as part of
the Planck legacy release.
A measurement of the leakage could be obtained by
comparing the Simons Observatory TE power spectrum
with the Planck power spectrum
〈CTE,P` − CTE,SO` 〉 = (GP` −GSO` )〈CTT` 〉. (13)
Assuming that the Planck and SO temperature data
are consistent, they can be optimally co-added together
aT,SO+P`m =
(N˜SO` )
−1aT,SO`m + (N˜
P
` )
−1aT,P`m
(N˜SO` )
−1 + (N˜P` )−1
. (14)
The optimal residual for measuring T-to-E leakage can
be written
∆CTE` = 〈aT,SO+P`m (a∗,E,P`m − a∗,E,SO`m )〉. (15)
The expected variance of this residual can be easily com-
puted
σ2 =
1
(2`+ 1)fsky
(
CTT` + N˜
TT,SO+P
`
)(
N˜EE,P` + N˜
EE,SO
`
)
,
(16)
We display in Fig. 9 the expected residual and its as-
sociated uncertainties. We have set GSO` to zero since
no information on a possible T-E leakage in the SO data
is currently available. We find that, with this assump-
tion, the expected signal-to-noise on the residual is small.
The variance gets contributions from terms of the form
CTT` N˜
EE,P
` that dominate the uncertainties. These terms
could be canceled by nulling the temperature anisotropies
before forming the test ∆CTE` = 〈(aT,P`m −aT,SO`m )(a∗,E,P`m −
a∗,E,SO`m )〉, unfortunately this residual would then be in-
sensitive to the leakage. We conclude that the T to E
leakage present in Planck data could in principle be de-
tected and directly measured using SO data. But that
the expected statistical significance of this detection is
low.
VI. CONCLUSION
In this work, we have discussed different consistency
tests that could be formed using measurement of the next
generation of CMB telescopes such as the Simons Obser-
vatory telescope and Planck data. We have forecasted
the errors on cosmological parameters shifts that they
are expected to probe and we found that they are few
times smaller than the error on cosmological parameters.
We have estimated the expected foreground contamina-
tion of the residuals and have found that the 225-217 GHz
ones will be the most impacted while the 145-143 GHz
ones are mostly immune to foreground contamination.
Finally we looked at a possible consistency test for the
TE power spectrum, we found that the T-to-E leakage
11
present in Planck data could in principle be detected but
at a low significance level. Precision cosmology and the
interpretation of the new tensions in the LCDM model
requires a pristine understanding of instrumental system-
atic errors, beyond its large scientific merit an experiment
such as SO will allow to verify Planck cosmology with an
unprecedented precision.
We have chosen the particular LCDM+AL parametri-
sation but this method can be generalised to any exten-
sion of the LCDM model. We focused on the Planck
and Simons Observatory experiments. In the near fu-
ture, an experiment such as CMB-S4 [28, 29] with many
telescopes at different sites and hundreds of thousands of
detectors will allow to form very constraining tests both
in temperature and polarisation.
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Appendix A: Computation of the generalised covariance matrix
An estimate of the mean cross temperature power spectrum between a frequency channel of experiment α and a
frequency channel of experiment β can be written:
Cˆα×β` =
1
bα` b
β
` n
αβ
c
nαs∑
i=1
nβs∑
j=1
1
2`+ 1
∑
m
aα,i`ma
β,j∗
`m (1− δαβδij). (A1)
bα` stands for the harmonic transform of the beam of one frequency channel of the experiment α, n
α
s is the number
of splits of the data of the experiment α and nαβc is the number of individual cross split power spectra between the
experiments α and β.
nαβc =
∑
ij
(1− δαβδij) = nαs (nβs − δαβ). (A2)
The role of the delta function is to remove any auto-power spectrum. Note that if α and β are different experiments,
we use all the power spectra since the noise between the two is uncorrelated. We can compute the covariance of any
mean cross power spectrum as follow
Ξα×β,γ×η = 〈(Cˆα×β` − C`)(Cˆγ×η` − C`)〉 = 〈Cˆα×β` Cˆγ×η` 〉 − C2` . (A3)
Replacing the estimate of the cross spectra Cˆ by their explicit expression we get
〈Cˆα×β` Cˆγ×η` 〉 =
1
(2`+ 1)2
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
∑
mm′
〈aα,i`maβ,j∗`m aγ,k`m′aη,l∗`m′ 〉(1− δαβδij)(1− δγηδkl). (A4)
Since the a`m follow a gaussian distribution, we can then expand the four point function using the Wick theorem
〈aα,i`maβ,j∗`m aγ,k`m′aη,l∗`m′ 〉 = 〈aα,i`maβ,j∗`m 〉〈aγ,k`m′aη,l∗`m′ 〉+ 〈aα,i`maγ,k`m′〉〈aβ,j∗`m aη,l∗`m′ 〉+ 〈aα,i`maη,l∗`m′ 〉〈aβ,j∗`m aγ,k`m′〉, (A5)
and the covariance matrix become a sum of four terms:
Ξα×β,γ×η =
1
(2`+ 1)2
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
∑
mm′
〈aα,i`maβ,j∗`m 〉〈aγ,k`m′aη,l∗`m′ 〉(1− δαβδij)(1− δγηδkl)
+
1
(2`+ 1)2
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
∑
mm′
〈aα,i`maγ,k`m′〉〈aβ,j∗`m aη,l∗`m′ 〉(1− δαβδij)(1− δγηδkl)
+
1
(2`+ 1)2
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
∑
mm′
〈aα,i`maη,l∗`m′ 〉〈aβ,j∗`m aγ,k`m′〉(1− δαβδij)(1− δγηδkl)
− C2` . (A6)
Each contribution can be easily computed, we first have to expand∑
mm′
〈aα,i`maβ,j∗`m 〉〈aγ,k`m′aη,l∗`m′ 〉 = (2`+ 1)2Cαi×βj` Cγk×ηl`
= (2`+ 1)2(bα` b
β
`C` + δijδαβN`,α)(b
γ
` b
η
`C` + δklδγηN`,γ) (A7)
where each C` is written as the sum of the underlying power spectrum and a noise bias term N`. The first term of
the covariance matrix becomes
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1
(2`+ 1)2
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
(2`+ 1)2(bα` b
β
`C` + δijδαβN`,α)(b
γ
` b
η
`C` + δklδγηN`,γ)(1− δαβδij)(1− δγηδkl), (A8)
which is simply equal to C2` . This is easy to see because any contribution of the form
∑
ij δijδαβ(1− δαβδij) is going
to be zero. The covariance matrix thus simplify to the sum of two terms, we focus on one of them
T1 =
1
(2`+ 1)2
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
∑
mm′
〈aα,i`maγ,k`m′〉〈aβ,j∗`m aη,l∗`m′ 〉(1− δαβδij)(1− δγηδkl), (A9)
expanding ∑
mm′
〈aα,i`maγ,k`m′〉〈aβ,j∗`m aη,l∗`m′ 〉 = (2`+ 1)Cαi×γk` Cβj×ηl`
= (2`+ 1)(bα` b
γ
`C` + δikδαγN`,α)(b
β
` b
η
`C` + δjlδβηN`,β), (A10)
we get
T1 =
1
(2`+ 1)
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
(bα` b
γ
`C` + δikδαγN`,α)(b
β
` b
η
`C` + δjlδβηN`,β)(1− δαβδij)(1− δγηδkl)
=
1
(2`+ 1)
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
bα` b
γ
` b
β
` b
η
`C
2
` (1− δαβδij)(1− δγηδkl)
+
1
(2`+ 1)
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
(bα` b
γ
`C`δjlδβηN`,β + δikδαγN`,αb
β
` b
η
`C`)(1− δαβδij)(1− δγηδkl)
+
1
(2`+ 1)
1
bα` b
β
` b
γ
` b
η
`n
αβ
c n
γη
c
∑
ijkl
δikδαγN`,αδjlδβηN`,β(1− δαβδij)(1− δγηδkl). (A11)
The remaining work is to compute sum of δ function∑
ijkl
δjlδβη(1− δαβδij)(1− δγηδkl) =
∑
ijkl
δjlδβη − δjlδβηδαβδij − δjlδβηδγηδkl + δjlδβηδαβδijδγηδkl
= nαs n
γ
sn
β
s δβη − nαs nβs δβηδγη − nβsnγs δβηδαβ + nβs δβηδαβδγη
= nβs (n
α
s n
γ
s δβη − nαs δβηγ − nγs δβηα + δβηαγ)
= fαγβη n
αβ
c n
γη
c , (A12)
and ∑
ijkl δikδjlδαγδβη(1− δαβδij)(1− δγηδkl)
=
∑
ijkl
δikδjlδαγδβη − δikδjlδαγδβηδαβδij − δikδjlδαγδβηδγηδkl + δikδjlδαγδβηδαβδijδγηδkl
= nαs n
β
s δαγδβη − nαs δαγδβηδαβ − nαs δαγδβηδαβ + nαs δαγδβηδαβδγη
= nαs (n
β
s δαγδβη − δαβγη)
= gαγ,βηn
αβ
c n
γη
c . (A13)
With these expressions we obtain the covariance matrix
Ξα×β,γ×η` =
1
(2`+ 1)fsky
(
2C2` + C`
[(
fβηαγ + f
βγ
αη
)
N˜`,α +
(
fαγβη + f
αη
βγ
)
N˜`,β
]
+ N˜`,αN˜`,β(gαγ,βη + gαη,βγ)
)
fαγβη =
nβs (n
α
s n
γ
s δβη − nαs δβηγ − nγs δβηα + δβηαγ)
nαs n
γ
s (n
β
s − δαβ)(nηs − δγη)
gαγ,βη =
nαs (n
β
s δαγδβη − δαβγη)
nαs n
γ
s (n
β
s − δαβ)(nηs − δγη)
, (A14)
We have included a factor fsky to account for the common fraction of sky observed by the two experiments. This
covariance computation does not take into account the geometry of the mask and the effect from inhomogeneous
noise, including it will require the computation of the mode coupling matrices associated with the mask and survey
strategy.
